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OBJECT OF PROJECT

To determine the wave-induced motions of a large solid-propellant
rocket vehicle drifting In a vertical attitude in wave environments
described by Hydrographic Office sea states ranging from zero to five.

ABSTRACT

Results are presented of a theoretical and experimental study in
the laboratory of the movements of a large solid-propellant rocket
vehicle drifting in a vertical attitude in uniform waves and in the
wave environment of the open sea. Measurements were made of the move-
ments in heave and pitch of a 1-to-120 scale model of a million-pound
vehicle, 175 feet long and about 12-1/2 feet in diameter. Hedve
measurements agree well with those calculated; no pitch calculations
were made.

It appears that heave and pitch are linear functions of wave
height and nonlinear functions of wave period. In deep water the
ratio of heave to wave height is found to be 0.1 for waves with a
6-second period,and 0.4 for waves vtith a 12-second period. The maximum
deviation from the vertical is found to be 9 minutes of arc for waves
one foot in height with a 6-second period, and 11 minutes for waves
one foot in height with a 12-second period.

On the basis of the assumption that the response of the vehicle
to sum of uniform waves is equal to the sum of the vehicle responses
to 'he individual components, the frequency of occurrence of certain
levels in pitch and heave in ocean-wave environments were calculated.

A vehicle drifting in a fully arisen sea at wind speeds of 10 and
20 knots, representing Hydrographic Office sea states of 2 and 4 with-
out swell, is calculated to-have a significant heave of respectively
0.4 a i 1.3 feet and a significant pitch of respectively 32 and 77
minutes of arc.

The study indicates that the movements of the vehicle in
pitch and heave can be decreased significantly by lowering its
flotation chamber and by attaching fins or plates and a weight near
its tail end.
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INTRODUCTION

This report covers a theoretical and experimental laboratory
study of movements of a large rocket vehicle drifting vertically in
wave environments, with a small section of its total height above
water. The study was made for the U. S. Naval Missile Center, Point
Mugu, California, and executed by the U. S. Naval Civil Engineering
Laboratory, Port Hueneme, California, in support of a feasibility
study conducted by NMC on the sea launch of large solid-propellant
rocket vehicles (Project HYDRA).

The object of this study was to determine the motions of such
vehicles in the wave environment of the open sea. The waves in this
environment (hereinafter called the "seaway") vary considerably in
height, shape, and period dependent on the wind, the water depth, and
the wind-affected sea area or fetch.

At present the best representation of the seaway can be made by
use of a mathematical model of a random process, which presents no
values of the environment as a function of time, but presents sta-
tistical values such as averages and the frequency of occurrence of a
certain water level. In this approach (Pierson, Neumann, and Jamesl),
the seaway is taken as the sum of a large number of uniform wave trains,
each with different amplitudes, and the profiles of the individual 2
wave trains are assumed to be sine curves according to Airy's theory.

The magnitude of the amplitudes of the wave trains and their
distribution over a range of frequencies can be calculated by a stan-
dard method from the wind velocity, wind duration, and the fetch. The
result of such a calculation can be presented in the form of a wave
spectrum, which is a distribution of the mean squares of wave amplitudes
of the seaway in a given increment of the frequency over the wave
frequencies.

The study of the motions of the vehicle in seaways described by
particular spectra was made in two parts. In the first part the
responses of the vehicle to uniform waves with different heights and
amplitudes were studied theoretically and experimentally. For the
experimental work, which was conducted in the NCEL wave tank, NMC
furnished two l-to-120 scale models of an unspecified vehicle (Figures
1 and 2).

In the second part of the study, the responses of the vehicle to
seaways, the latter represented by mathematical models of the random
process of the ocean surface elevation, were studied, and statistical
features of the responses to two particular seaways were obtained.



THEORY

Theory of MovemenLs inducej by Uniform Waves

General. The mavements 3 , rcckcet vehicle dr i fLino in a wave
environment can be described )y consi dering thc movemnents of its mass
center relative to a rectangular, coordinate system. In analogy to the
movements of a ship in a seaway, the movements of the vehicle in its
six degrees of freedom are taken as follows (Figure 3):

heave vertical motion of the mass center
surge horizontal motion of the mass center in the direction

of the wave propagation (drift)
sway horizontal motion of the mass center normal to the

direction of the wave propagation
pitch angular motion in a vertical plane through the

direction of the wave propagation
roll angular motion in a vertical plane normal to the

direction of the wave propagation
yaw = angular motion around the vertical axis

Since the vehicle is symmetrical in any horizontal cross section,
it may be assumed that coupling exists o~ly between the wave train and
the modes of movement in the vertical plane through the direction of
wave propagation; namely. ' , surge, and pitch.

Heave. The heaving vrot':nsof the vehicle, which are approximated
in the study by a series _f cylinders of different radii and length
(Figure 4), are analogous with the movements of a dampened mass-spring
system, as presented in detail. in Appendix A.

The mass in this analogous system (Figure 5) consists of the mass
of the vehicle (M) and the so-called added mass (M") which conveniently
may be imagined as an amount of water which is moving together with the
vehicle. The damping force of the system is the linearized drag of the
vehicle when moving vertically in water without the disturbance of the
waves. The restoring force of the system is the restoring force due to
buoyancy, which is equal to the weight of the displaced water for any
given vertical displacement of the vehicle from its free-floating
condition.

In the analogous theory, the excitation consists of three terms
(Figure 5), all linear or linearized functions of the wave amplitudes.
These three terms have the frequency of the wave, but are not all in
phase with it. Consequent!y, the resultant of these three, which is
the excitation of the analo-ous system, is generally not in phase

2
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with the wave.
The equation of motion of the analogous system is expressed by;

(M V M") Z + N Z + pg F Z = F cos(Wt +I+ W) (1)
0 ex

(inertia + damping + restoring force = excitation)

where M mass of the vehicle
14 = added mass of the vehicle in heave
Z vertical displacement of the mass center

Z vertical velocity of the mass center

vertical acceleration of the mass center
N z zdamping coefficient in heave

P = density of water
F = area of cross section at the water line
0

F = maximum amplitude of the excitationex
Fex cos(wt +( +4) = periodic external force on the analogous

system (excitation)

t time
w frequency of the wave
f= phase angle

= phase angle between the wave and excitation

Values of the added mass (Mn) can be calculated by theory f~r
bodies with a simple geometry, like a sphere or a cylinder (Lamb ,and
Wendei 4). The added mass of more complicated bodies is generally
determined from model experiments, or--in the case of ships--calculated
from graphs which are based on model experiments. Since the added mass
could be obtained from simple model experiments, discussed in Appendix
C, no attempt has been made to derive an analytical value.

The damping of the vehicle motions in heave is caused by the
generation of waves with the missile center as their origin, and by
viscous effects. A theory, deduced in Appendix D, permits the calculation
of the damping due to wave generation. In this theory, it is assumed
that on the average level of the transitions of the cylinders, which
comprise the simplified geometry of the vehicle (Figure 4), periodical
sources of fl.uid exist. These sources are taken in ratio with the
movements and the areas. By use of a theory presented by Havelock,5

the mean rate of energy outflow by those waves is equaled by the work
done by a linear damper, and a value for the damping coefficient due to
wave generation is obtained.
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The viscous damping is dependent on the geometry of the vehicle
and the Reynolds number. Generally, the damping forge is a quadric
function of the velocity, but Weinblum and St. Denis indicate that
for ship motions the damping may be linearized. This assumption has
been made also for the rocket vehicle.

No coefficients were found in the available literature for
bodies with a shape similar to the vehicle. By means of a simple test
described in Appendix C, a value of the linearized damping coefficients
due to viscous and wave-generating effects could be obtained for the
vehicle model when moving in its natural frequency.

Since a difference exists between the Reynolds number of the
prototype and the Reynolds number of a small scale model, both with
comparable movements, responses of the prototype to waves will deviate
from the results obtained experimentally with a model. The magnitude
of this difference, which is called the scale effect, will be treated
in the Discussion.

Besides the amplitude of the heaving motion in waves with
particular heights and periods, the movement of the vehicle relative
to the water surface is of interost. Namely, the double amplitude of
this relative motion indicates the height of the top cylinder, or the
last stage of the vehicle, which is alternately exposed to water and
air (run-up).

The equation of simple harmonic motion (Equation 1), which resulted
from the analogy used, permits the calculations of the phase angle
between the excitation and the response of the vehicle. Since the phase
angle (0) between the excitation and the wave can be obtained by use of
the information presented in Appendix A, the magnitude of the relative
motion can be obtained by vectorial representation of displacements
and their phase relationship to the wave and by graphical calculation
of the resultant of wave and heave displacements.

Pitch and Surge. In the study of the motions of the vehicle
(Figures 1 and 2), it appeared convenient also to assume that the
vehicle consists of a series of coupled cylinders, as illustrated in
Figure 4. After derivations similar to those for heave, presented in
Appendix B, it appears that analogous systems can be used for the pitch
and surge motions. The motions of Lhese systems, however, are coupled.

The equations of motions, following the form of presentation of
the heave, are:

4



n n
(M + MV' + - N nX + M,"fn

nO nO n=O ri=O

= F' cos(wtt- ±OV) (2)

n n n

ZM" f X + N f X + (I+ 1 +2N 2.
On n n n n=O fn? + M g mt

= M; cos(wt+ + ") (3)

where X = horizontal displacement of the mass center

= horizontal velocity of the mass center

X = horizontal acceleration of the mass center
N = damping coefficient of a cylinder moving in the

X direction
I = mass inertia moment of the vehicle around its

mass center
I" = added mass inertia moment
f = distance between the mass center of a cylinder and
n the mass center of the vehicle

= angular displacement of the long axis of the vehicle
= angular velocity of the long axis of the vehicle

:= angular acceleration of the long axis of the vehicle
m metacenter height
F' maximum amplitude of the excitation of the analogous

system in surge
Mp- maximum amplitude of the excitation of the analogous

system in pitch
n = cylinder number
V = added mass of a cylinder moving horizontally
n
4'=phase angle between wave and excitation in surge

a' = phase angle between wave and excitation in pitch

Theory of Movements Induced by a Seaway

In order to describe the movements of the vehicle in a seaway,
terms of practical significance t the user have to be selected. At
present, descriptions of complex movements are generally given in
statistical values of the movement; to conform with this practice, this

method of expression has been used in this study.
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The calculation method of significant values of responses of
systems subjected to random or complex excitations was devel~ped by
electrical engineers for use in random noise analyses (Rice, 1945),
and was more recently applied to the calculation of ship movements in
a seaway (St. Denis and Pierson,8 1953).

The basic requirement for the applicability of the method is that
the response of the considered system is linear to the excitation. If
this method is applied to the analogous linear system of the vehicle, as
described earlier in connection with Figure 5, then the responses of
the vehicle to a sum of uniform wave trains--which are assumed to be
moving in one direction--is equal to the sum of the vehicle responses
of the individual components.

Since the responses of the vehicle in uniform wave trains can be
determined by theory or by model experiments, the complex movements
excited by waves with a certain spectrum can be obtained by means of the
following procedure, which is illustrated in Figure 6.

For all frequencies of the considered wave spectrum, the value of
the mean squatr of the wave amplitudes per unit of wave frequency--
called spectral density of the waves--is multiplied by the corresponding
square of the raLio of response to wave amplitude, and the results are
plotted as the spectral density of the response. In mathematical terms,
the procedure is generally written as follows:

% (u) = Sw(c) • [T(w)] 2 (4)

where S ( spectral density at frequency W of the response

Sw(w) spectral density at frequency W of the waves

[T(W)V2  square of the ratio of response to wave
amplitude at frequency W of the wave environment

Once the spectrum of the movement in study has been obtained, an
integration of the spectrum results in a single number (E), which re-
presents the energy of the movement. If the spectrum is relatively
narrow, the average amplitudes of the movement can be expressed in
terms of the energy (E), as shown in Table I.
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Table I. Response Amplitude (AresP) and Response Energy (E)
Relations (After Pierson, Neumann, and James,1 based

on Longuet-Higgins 9 )

Averaoc Response Amplitude Data

Average amplitude of all responses A r e s  0.886 IE/
avresp -14

Average amplitude of the 1/3 highest A'/ 1.416 I/E-

Average amplitude of the 1/10 highest A"' 18001/

Greatest Response Amplitude Probability Data

Number of Nine times out of ten, the highest amplitude of the

cycles (N) response out of a series of N cycles is between

20 1.40 E and 2.44 E
50 1.69 VE and 2.62

I00 1.88 VE and 2.75
200 2.05 / and 2.87
500 2.26 rE& and 3.03
1000 2.41 V/F and 3.14 1/

Note: The total deviations of the response from minimum
to maximum are twice the values of the amplitudes
in the table.
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TEST FACILITIES AND PROCEDURES

The experimental investigations were performed in a water-wave
tank 100 feet long, 4 feet high, and 2 feet wide (Figure 7), during
the month of June 1969. The wave generator for the tank is of the
moving bulkhead type, similar to the machine described by Coyerl0 (1953).
The bulkhead is caused to move by a crank wheel and a connecting rod.
A variable hydraulic transmission between the driving motor and the
crank wheel permits regulation of the frequency of the waves over a
large range. The stroke of the bulkhead can be regulated to generate
waves of various heights by adjusting the throw of the arm of the
crank wheel. A mechanical linkage near the bulkhead permits the
adjustmenL of the hurizoniii movemenL of the lower part of the bulk-
head according to the cilculated value of the orbital movement of the
particular waves used in the experiments.

A gravel beach with a one-to-ten slope was installed at the
opposite end of the tank to absorb the generated waves and to reduce
the generation of standing waves.

The vehicle models furnished by the USNMC for the experimental
investigation were wooden models, 17-1/2 inches long and 1-1/4 inches
in diameter (Figures i and 2), representing a l-to-120 scale model of
a million-pound solid-propellant rocket vehicle, 175 feet long and
12-i/2 f1eet in diameter.

The movements of one of the models were sensed by use of two
displacement gages (wigures 8 and 9). Each gage consisted of a thin
wire soldered to two very thin brass plates, one located vertically,
the other horizontally. Strain gages were mounted on these plates.
Movements of the ends of the wires (arms) of the displacement gages
induced strains in the strain gages, which were amplified by carrier
amplifiers (Consolidated Engineering Company, Carrier Amplifier System
D) and recorded simultaneously with the output of a resistance-type
water-level recorder in a high-speed oscillograph (Miller Model H).

It was considered that the displacement gages did not restrain the
model in its orbital movements, since the forces to displace the end of
the gages were insignificant (approximately 50 milligrams per inch
deviation).

To obtain wave run-up information, two parallel wires were glued
to the model near the water line (Figure 1, top model). The two wires,
together with the water in the tank, were a part of an electrical
circuit. Variations in run-up caused a variation in current in the
circuit, which was recorded simultaneously with the output of the
displaccoent gas ),id ....th w,ter-level recordpr. The electrical

8
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measured witil verni .':s on t, 3r~i nd reco a: each posi-!tionT was
made with thl-e oscilloaop!i The caic'~7Tio were mace before, -nd'
af ter a series of tee:: -ia

The movements of th: -nod,, were recorded i romtemmn the fI)rs.
wave rea~ci"eJ t he model -1n.I o'_-; _ us irregui ar i t zeS cu-e to st and -1ng
waves were generated In tn.MeLor-_os were reccod fo;r wav.es over
the range of frea-uencies '4 zL.hruoh '2 rad/sec) ~c could be opoerared
in the -tank, and for wav-e heigits ranging between 0).3 and 0.7 mss
Higher waves tend.2-j to !_ndlice vibratlons 'In Clh! di splacement gcs

To obtain information obout the characterist4ics of th ve_-h-' rl
in free heave and in free phtch, the model was ci r cdvertIcall~y
arnd horizontally and suddenly released after each displicement. The
movements were recorded_- ontil thney had decayed to insignirkicant levels.

To check on the rstsobtaine d with the ditspbaccment gages,
photographic observatIons were made with a second model. T h is model1
was equipped with two small light bulbs at the head and the tail
(Figure 1, bottom model). Power to these bulbs was suppli.ed by means
of two wires with a diameter of 6'.005 inch. (Thes .e wires were con-
side-xed not to restrain the motions of the model.) By means of" a
mechanically operated switch, the Light bulb flashed on every 0.15
second during 0.02 second. The movements of the model were phaoto-
graphed at two exposures: one second and one-half second. By means
of simple electrical circuits, the flashes and the time of exposure
of the photographic film in the camera were recorded on the oscillo-
graph simultaneously with the output of a water-level recorder which
was located near the model.

Photographs of the movement of the model were obtained for waves
slightly higher and of the same frequency range as those used in the
mechanical measurement studies. The scale was obtained by use of
white wire grids placed at both sides of the tank (Figure 10). The
model was always located one--third of the tank width from the side of
the tank nearest -the camera.
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RE SULTS

Stili. Wa ei - Expexrinerital Rpsilts

From the record of the displacemnnt gages over a period of time
after the modil was displaced vertically in still water and then
suddenly r]Jas i-- ip p ared that the period of free heave was 2.21
seconds (W= 2.8t rad/sec). After each cycle of the heaving motion,
the amplitude wa rxeduced to 75 percent of the preceding amplitude.

From the record of the displacement gages over a period of time
after the model was displaced horizontally and then suddenly released,
it appeared that the period of free pitch was 3.0 seconds. After each
cycle of the pitching motion, the amplitude was reduced to 78 percent
of the preceding amplitude.

Uniform Wave Trains

Experimental Results. Figure 11 shows a typical record obtained
with the oscillograph from a test run with the displacement gages. The
wave gage was placed 3.18 feet from the model toward the wave generator,
consequently the wave record precedes the record of the displacement
for the corresponding movements.

Data taken from similar oscillograms are presented in Table II.
The wave height and the vehicle responses are obtained as the average
of four or five cycles.

Figure 12 presents the results of a photographic observation. The
shutter of the camera was opened for approximately one second. The
time of the opening was recorded by the oscillograph, together with the
time of the light flashes on the head and tail of the model. The out-
put of the wave recorder was also recorded. The position of the head
and tail of thn codal can be identified in the photograph, which is
reproduced in Figure 12. In order to show the positions of the vehicle
in more detail, the head and tail portions are enlarged ten times, and
lines are drawn representing the movements of the long axis enlarged ten
times. Data taken from this and similar photographs and corresponding
oscillograms are presented in Table ITI.

Figure i 1i3, 14, and 15 present all experimental results as
ftnctions of the wave frequency. (Theoretical results, which will be
treated later in this report, are plotted for comparison.) Figure 13
shows the results of all data analyses for heave. The data is pre-
sented a3 plots of the ratios of double heave amplitude to wave height
(HhAH), which equals the ratio of heave amplitude to wave amplitude
(Ah /A) as a function of the wave frequency and period. It will be noted
that the ratios increase with a decrease in frequency.

10
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Figure 14 shows the results of the data an3lyses of the relativo
motion of the vehicle and the water s3rmace, The data are presented

as plots of the ratio of the run-up, or alternate wet and dry height,
to the wave height as a function of the wave frequency and period.

Figure 15 shows the results of dl datd anaiyses of the maximum
angular deviations from the vertical. The data are presented as plots
of the ratio of the maximum angular deviation in minutes of arc to the
wave height in tenths of an inch as a function of the wave frequency.
The corresponding prototype frequencies and periods are indicated at
the top of the graph. The prototype ratios are expressed as the
maximum angular deviation in minutes of arc to the wave hPight per
foot.

No measurements were made of sway, yaw, and roll. Visual
observations of the movements of the vehicle in uniform waves in the
wave tank indicated that these motions were negligible.

In the latter part of the study, movements of the models with
modified flotation chambers were visually observed. The flotation
chambers were placed at the tail end of the model. To obtain
sufficient metacenter height for the vertical stability, a weight was
connected rigidly at a certain distance under the chamber (Figure 16).
The movements of thes. models were significantly less than those with
the flotation chamber supplied y USNMC (Figure 2). By shifting the
weight outside the long axis of the vehicle models, the models could
be made to drift with the long axis at a certain angle to the vertical.

Within the range of the wave heights (0.3 to 0.7 inch) used in
the experimental investigation, the run-up and the responses of the
model in heave and pitch were significantly linear with the wave
height. For example, it is estimated that the experimentally obtained
ratio of heave to wave height for a wave height of 0.6 inch is approxi-
mately 10 percent smaller than the ratio for a wave height of 0.3
inch.

Theoretical Results. Calculations for heave and run-up were
made by use of the added mass and damping coefficients obtained in
Appendix C from the experimental study of the model motions in still
water. The heaving motions of the model represented by Equation 1 and
by Equation 17 of Appendix A were calculated and presented in Figure
13, in addition to the experimental results, as values of the ratio
of heave amplitude to wave amplitude as a function of the wave
frequency. 'A calculation was also made neglecting the influence of
damping. The experimental and theoretical results presented in
Figure 13 pertain to vehicle model movements in a water depth of 2.68
feet, which represents a deepwater wave condition for waves with

15
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circular frequencies above 6 radianS per second.

The results of an identical calculation for the prototype vehicle
movement in deep water, which is water with a depth greater than

twice the wave length, is presented in Figure 17. Figure 14 presents,
in addition to the experimental data, the results of the theoretical
study of the wave run-up along the head of the vehicle model in the
wave tank. Plotted is the ratio of the run-up (wetted height) to
wave height as a function of the wave frequency and period. Figure
18 presents the results of the theoretical study of the wave run-up on
the prototype in deep water. Again, the results are plotted as the
ratio of run-up to wave height versus wave frequency and period.

The results of the theoretical study of the heave and the run-up
are in good agreement with the results of the tests made in the wave
tank. The maximum deviation of the theoretical values from the
average values obtained by experiments is approximately 20 percent.

No calculations were made of the pitch and surge of the model.
Such calculations can be made by the material presented in Appendix B

and by deriving the proper parameters for the mass and damping terms
in Equation 2 and in Equation 31 of Appendix B.

Seaway - Theoretical Results

Results of calculations for heave, run-up, and pitch of the
prototype vehicle acted upon by nonuniform waves in deep water are
presented in Table IV. A fully arisen sea induced by wind speeds of
10 and 20 knots was selected as a typical seaway. These wave
environments represent conditions for sea states (Hydrographic Office
Scale) 2 and 4, without swells.

The calculations were made by use of the results of the
theoretical study of heave and run-up of the vehicle in uniform
deepwater waves (Figures 17 and 18) and the results of the experi-
mental study for pitch (Figure 15). Figures 19, 20, and 21 present

the calculations according to the pattern presented in Figure 6 for
the vehicle movements in heave, pitch, and run-up in a fully arisen
sea at a wind speed of 20 knots.
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DISCUSSION

Heave

It appears from Figure 13 that the model movements in the wave
tank can be calculated by means of Equation 1, with an error of less
than 20 percent for frequencies larger than 5 radiants per second. The
discrepancy of theoretical and experimental results may be explained by
the approximations made in the derivation of the equation of motion.
In particular, the calculation of the mean average velocity and
acceleration of the water mass displaced by the vehicle in the exci-
tation (Equations 7 and 8, Appendix A) is considered rather crude by
the author, and it is suggested that a more refined methodi as outlined
in Appendix A be used in future investigations. (Equation 11)

A considerable approximation has also been made initially by
following the calculation method for ship motions in uniform waves 6and
linearizina the damping term in Equation 1 (Weinblum and St. Denis )-
In ship movements, as indicated by Havelock, Korvin-Kroukovsky, I
and Gerritsma, 14 the damping is mainly contributed by the more or less
linear effect of wave generation by the ship. However, the results
of the theoretical investigation of the damping of the vehicle model
due to wave generation, presented in Appendix D, indicate that the
damping due to this effect is small and that total damping is mainly
due to viscous effects.

Consequently, because of differences in the frictional effects
of the prototype and model, considerable difficulties should be
expected in scaling the model towards the prototype characteristics
by use of Froude's Law. Fortunately, consideration of the derived
analogous system indicates that dampinq is of minor importance over
a large range of frequencies.

It will be noted that Equation 1 represents the classical equation
for the forced motion of a mass-spring system. The amplitudes of the
motion of such a system are not significantly influenced by values of
the damping term for harmonic movements with frequencies larger than
twice the natural frequency. A numerical calculation of the excita-
tion of the analogous system (right side of Equations 1 and 17, which
also contain a term for the viscous effect, or drag) indicates that
its values are of minor importance for frequencies larger than twice
the natural frequency in heave. The insignificance of the combined
effect of the damping term and the drag term for frequencies larger
than twice the natural frequency is illustrated in Figure 13, which
presents the results of the heave amplitude investigation for the
model, calculated with the experimentally obtained damping term and
without any damping. Consequently, the results of the model
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study for circular frequencies larger than 5 radians per second are
representative for the prototype for the corresponding frequencies,
obtained by use of Froude's Law, larger than 0.46 radians per second
(periods smaller than 13 seconds).

It is noted that a difference exists in the theoretical results
for the prototype in deep water (Figure 17) and the scaled results
of the model investigation in the wave tank for frequencies smaller
than 6.2 radians per second (prototype periods larger than 11
seconds). In that case, the particle motions of such waves are
effected by the bottom, the orbits of those particles are elliptical
rather than circular, and consequently a different movement of the
vehicle is induced.

Waves with frequencies close to the frequency of the free
heave may induce excessive movements whose magnitude depends on the
damping. Since the frequency of free heave is low for large vehicles,
swells may induce the major heaving motion. The large heave (approxi-
mately 5 feet) with long periods (approximately 16 seconds) of a long
and slender vehicle (HYDRA II) drifting in a vertical attitude prior
to launching, observed by the author off Point Mugu, California, in
an environment with waves with an estimated significant height of 1
to 1-1/2 feet and periods of approximately 5 seconds, were likely
induced by swells with a period close to the period of the free heave
of the vehicle and with a very small height which could not be
visually determined.

The movements in the frequency close to the frequency of free
heave can be decreased by increasing the damping. This can be
accomplished by installing horizontal plates or fins on the outer
surface of the vehicle, preferably close to the tail end. Besides
an increase in damping, such plates will increase the added mass,
and consequently a lower natural frequency in heave will be obtained.

Since the results of the movement study in uniform waves are
limited to waves with periods shorter than 13 seconds, spectral
calculations, such as presented in Figure 19, must be limited to
seaways which contain no waves with significant amplitudes which
have periods longer than 13 seconds.

Run-up

The ratio of wave run-up to wave height at a particular
frequency for uniform waves depends on the ratio of heave to wave
height and the phase relation between wave and heave. As discussed
under Heave, the first of these ratios is practically independent
of values of the damping terms in Equations 1 and17.
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A study of the vectorial representation of excitation and
heaving movements of the analogous system indicates that the
magnitude of the phase angle between heave and wave, which depends
on the damping characteristics, does not significantly influence the
ratio of run-up to wave height for frequencies larger than 0.46
radians per second (periods shorter than 13 seconds). Consequently,
the theoretical results of the vehicle moving in uniform waves in
deep water may be applied to spectral calculations of the run-up in
seaways such as presented in Figure 18, if the spectrum of the seaway
does not contain waves of significant height with periods longer
than 13 seconds.

Pitch

it will be noted In Equations 2 and 3 that the vehicle movements
are analogous to the movements of a torsional mass-spring system,
excited by a forced oscillation and coupled to another mode of move-
ment of the vehicle (surge).

The restoring force of this system is very small because of the
very small cross section of the vehicle at the water line. This
force may be neglected for frequencies higher than twice the natural
freqjency of the system, in which case Equations 2 and 3 would contain
only acceleration and velocity terms.

The analyses of the records and photographs of the movement
(for example, Figure 12) indicated that the phase angle between
pitch and surge, respectively, and the horizontal particle motion is
very small and can be assumed to be zero. On the basis of the
assumptions that, by scaling according to Froude's Law, the N values
of the cylinders relative to each other do not change significantly,
a vectorial representation of Equation 2 and Equation 3 indicates that
the scale effect will be small. Consequently, the angular movements
in pitch can be considered -ppresentative for the prototype.

Nevertheless, the author is of the opinion that a theoretical
study should be made of the movements in pitch and surge according
to the outline given in Appendix B.

Under the discussion of heave it is indicated that, for
frequencies higher than 6.2 radians per second, the particle motions
in the wave tank are effected by the bottom and that those particles
describe elliptical rather than circular orbits. Numerical calcu-
lations indicate that the horizontal displacement for frequencies
higher than O.46radian per second are essentially the same as for
deepwater waves. Consequently, for frequencies higher than 0.46
radians per second, the results of the model study are representative



for the prototype in deep water after scaling by use of Froude's Law,
and those results £jy be applied to spectral calculations, if the
spectrum of the waves contains no waves of significant height with
periods longer than 13 seconds.

In the spectral calculations of pitch (for example, as presented
in Figure 20), it is assumed that all waves are propagating in one
direction. In reality, however, waves are generated from different
directions, but only a very small part of the wave energy is in
waves which make a significant angle (larger than approximately 15
degrees) from the main direction (Marksl5 ). It is possible to
determine the movements of the vehicle in such waves by calculating
the responses at the different directions of the spectrum and by a
vectorial addition of the components thus obtained. Since the
spread of the main wave directions is relatively small, the spread of
the responses is small and its effect can be disregarded.

Reduction of Movements

Since the particle motions near the surface are larger than
those at a greater depth, a reduction of the dimensions of the
vehicle near the surface will tend to reduce the movements in
pitch.

An improvement can be obtained by relocating the flotation
chamber near the tail end of the vehicle (Figure 16). Since this
would change the location of the metacenter height unfavorably, a
correction would have to be made by installing a weight near the
bottom of this chamber. If this weight is made in the shape of a
plate, considerable damping would be obtained in the heaving motion.
This would tend to reduce the free heave amplitude and frequency.
The visual observation made in the wave tank with such a vehicle
confirmed this analysis.

If a reduction of the movements of the vehicle is required, a
further experimental and theoretical study of the shape, size, and
location of the flotation chamber would be desirable.

SUMMARY OF FINDINGS

i. From the observations in a wave tank of the motions of a l-to-120
scale model of a rocket vehicle drifting in uniform wave trains with
heights ranging from 0.3 to 0.7 inch and with periods ranging from
0.5 to 1.6 seconds, it is found that:

a. The heave, run-up, and pitch are functions of the wave
period.
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b. The heave, ruin-up, and pitch are linear functions of the
wave height.

c. The ratio of heave amplitude to wave amplitude is 0.1 for
waves with a period of 0,55 second, and 0.4 fcr waves
with a period of 1.2 seconds (Figure 13).

d. The ratio of run-up to wave height is 0.9 for waves with
a period of 0.55 second, and 0.7 for waves with a period
of 1.2 seconds (Figure 14).

e. The maximum deviation from the vertical is 9 minutes of
arc for waves with a height of 0.1 inch and a period of

5 cunds, and 11 minutes for waves with a height of

inch and a period of 1.2 seconds (Figure 15).

2. The results of the theoretical study of the heave and run-up
are in good agreement with the results of the experimental study
in the wave tank.

3. Froude's scaling law is applicable for the heave, run-up, and
pitch of the model in waves with periods shorter than 1.2 seconds.

4. The vehicle drifting in uniform waves in deep water has:

a. A ratio of heave amplitude to wave amplitude of 0.1 for
waves with a period of 6 seconds, and 0.4 for waves
with a period of 12 seconds (Figure 17).

b. A ratio of run-up to wave height of 0.9 for waves
with a period of 6 seconds, and 0.6 for waves with
a period of 12 seconds (Figure 18).

c. A ratio of maximum angular deviation to wave height
of 9 minutes of arc per foot for waves with a period
of 6 seconds, and 11 minutes of arc per foot for
waves with a period cf 12 seconds (Figure 14).

5. The vehicle drifting in a fully arisen sea caused by wind speeds
of 10 and 20 knots--representing sea states 2 and 4 without swell--
has, on the basis of the assumption that the response of the vehicle
to a sum of uniform waves is equal to the sum of the vehicle responses
to the individual components (Table IV):

a. An average heave of respectively 0.3 and 0.8 foot; a
significant heave of respectively 0.4 and 1.3 feet; a
chance of nine out of ten that the highest heave
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during an interval of 1-1/2 and 2-1/4 hours is

respectively between 0.7 and 2.2 feet, and 0.9 and 2.9 feet.

b. An average run-up of respectively 2.2 and 4.3 feet; a
significant run-tip of respectively 3.4 and 6.8 feet; a chance
of nine out of ten that thp highest run-up during an interval
of 1-1/2 and 2-1/4 hours is respectively between 5.9 and 10.6

feet, and 7.6 and 15.1 feet.

c. An average maximum angular deviation from the vertical (pitch)
of respectively 20 and 47 minutes of arc; a significant pitch
of respectively 32 and 77 minutes; a chance of nine out of ten
that the maximum pitch during an interval of 1-1/2 and 2-1/4
hours is respectively between 53 and 71 minutes, and 130 and
168 minutes.

6. The movements in pitch of the vehicle are reduced significantly by
installing a flotation chamber and a weight at the tail end of the
vehicle; the movements in heave at frequencies close to the frequency
of free heave are reduced by installing a damping plate near the tail
end.

CONCLUSIONS

I. For the vehicle drifting in a vertical attitude in a seaway, the
occurrence of certain levels of movement in heave and pitch and the
run-up along the head can be calculated by use of Figures 17, 14, and
18 on the basis of the assumption that the response of the vehicle to
a sum of uniform waves is equal to the sum of the vehicle responses to
the individual components, if the spectrum of the seaway contains no
waves of significant amplitudes with period longer than 13 seconds.

2. The movements of the vehicle in pitch can be reduced by installing
a flotation chamber and a weight at the tail of the vehicle; the move-
ments in heave at frequencies close to the frequency of free heave can
be reduced by installing a damping plate near the tail end.

SUGGESTIONS FOR FUTURE RESEARCH

1. That a theoretical study be made of the movements of the vehicle
in pitch and surge in order to obtain information about these move-
ments for waves with periods longer than 13 seconds, and to supplement
the experimental results.

2. That displacement histories of free heave and free pitch of
prototypes or full-scale models be measured, from which information
about damping and drag characteristics can be obtained for use in
the theoretical study.

3. If a reduction of the movements of the vehicle is required, that
theoretical and experimental laboratory studies be made of vehicles
with the flotation chamber near the tail end.
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Appendix A

THEORY OF THE HEAVING MOTION

The shape of the vehicle is approximated by a series of
cylinders of different dimensions, as shown in Figure 2, and is

drifting in a uniform wave train with waves of low height.

The origin of the coordinate system that will be used to 16
describe the waves according to Airy's theory (Wiegel and Johnson

is taken at the still-water level in the axis of the series of
cylinders. The X axis is taken in the direction of the wave
propagation, the Z axis vertically.

The waves can be described by:

= A cos(kx -w -t ) (5)

where A = amplitude of the wave, which is equal to
half the wave height

k 2f/A
A = wave length

" frequency (= 27/T)
= phase angle
= elevation

Referring to Weinblum and St. Denis , if Z is the upward
displacement of the mass center of the vehicle, the equation of
motion can be written:

F (p)M Z+M W -2PF (W-Z)2 +Mg (6)

where F z(p) = total vertical upward force from the wave
pressures on the horizontal planes of
the vehicle

M = mass of the vehicle
m" = added mass in heaving motion
z

Cd diag coefficient

F = significant cross section of the vehicle
P density of water
g = acceleration due to gravity
W = mean vertical velocity of the water mass

displaced by the vehicle
I = mean vertical acceleration of the water mass

displaced by the vehicle
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The added mass (M") may be visualized in many cases as an
amount of water which is moyed with the vehicle. The theory of this
added mass (Wendel," Lewis, ) is complicated and a discussion
about it is not in the scope of this investigation. The added mass
depends on the shape of the object in relation to the fluid flow
around it. Consequently, the added mass of the vehicle in vertical
motion is significantly different from the added mass in horizontal
motion.

Assuming that the radii of the cylinders of the vehicle are
small compared to the length of the wave and that the radii of the
cylinders are of the same order, the quantities W and W may be
defined as:

W dz (7)

D4

wdzD4

w=L / & dz (8)
D4

where D = distance from the still-water surface to a

n horizontal plane of the missile (Fig. 4)

w = A w sinh k(z+d) sin(kx-wt-1)
2sinh kd

w =Awu sinh k(z+d) cos (kx-wt-f)
sinh kd

d = depth

2y 2ro tanh d

Evaluation of the integrals in Equations 7 and 8 gives, with
some approximationt

W A qosh kd - cosh k(d-D) (9)WD cosh kd

A q (cosh kd - cosh k(d-04)] cos(Vt+J) (10)
D cosh kd
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Equations 9 and 1O were used in the calculation of the
heaving motion of the vehicle. More accurate values may be
obtained by integration over the individual cylinders. For example,
the average velocity can be expressed by:

D 1

47 ipo /kd '(F0 + F1 )
W- / wz + M Wdz +

D D2

D2  D

,P(o+F 1 F2 ) w dz+ F__4 w dz (11)

M M
D3  D3

The pressure at a depth z is given by:

P= Pa - g z + pg ' cosh k(z+d) (12)
cosh kd

where Pa = atmospheric pressure

Assuming that the pressures on each area of the horizontal
planes of the vehicle are equal to those of the center of that
plane, the force F (p) is found by algebraic summation of
pressures on the four horizontal planes (Figure 5):

(13)

Fz(p) = - (pZ pa) F + (pz2 -pa) F2  P2 3 - pa) F3 + (pz4 - pa) F4

where z Z -D

2(p)= M g - pg F0 Z + P 0 7 cosh k(Z+d) f - F1 cosh kD1 +
cosh Kd L

F, cosh kD -F cosh kD + F cosh kD4]
2 3 3 4 4
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- sinh k(Z+d) [ - F1 sinh kD1 + F2 sinh kD2 - F3 sinh k.D3

+ F sinh kD 4 ]} (14)

Since the displacements are small compared to the depth of
the water, the displacements (Z) In the term on the right side
may be disregarded, thuss

cosh k(Z~d) = cosh kd (15)

sinh k(Z+d) = sinh kd (16)

If the third term on the right side of Equation 6, which repre-
sents the damping, is linearized and by use of Equations 14, 15, and
16:

(M+M )+N +pgFZ=M";-+NW+P- (Q) (17)
Z 0 cosh kd

where Q=cosh kd [ F1 cosh kD1 + F2 cosh kD2 -F3 cosh

+ F4 cosh kD4] - sinh kd [ - F1 sinh kD1 + F2 sinh kD2

- F3 sinh kD3 + F4 sinh kD4]

Equation 15 represents the movements of a dampened linear mass-
spring system with the periodical excitations (Figure 5):

h F M" W + N W+L,,92 (Q) (18)
CX cosh kd

It will be noted in Equation 17 that the last term on the
right side represents the excitation by the pressure variation
of the wave on the horizontal planes of the vehicle. The second
term represents the excitation by the flow of the water around
the body in the vertical direction (drag). The first term on the
right side is difficult to visualize. In essence, it represents
an inertia excitation, which is the added mass times the acceleration
of the water particles displaced by the mass of the vehicle.
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All three terms are periodic forces with the frequency of the
wave. It will be noted from Equations 9; 10, and 17 that these
p. riodic forces are not all in phase with the wave. The magnitude
of the total periodic force and its phase angle relative to the
wave can be calculated by a vectorial summation of the three
components of the excitation. Consequently, the excitation may be
expressed as;

Fh = F cos('t4+c+) (19)
ex ex

Appendix B

THEORY OF THE PITCHING AND SURGING MOTIONS

In the following analyses it is assumed that the vehicle
consists of a series of coupled cylinders, each with different
length and diameter. Next, it is assumed that the horizontal
displacement of each cross section of a cylinder is equal to the
displacement of the center.

Using the same coordinate system as is used for the analysis
of the heaving motion, the equations of the surge ( X ) and pitch ( )
are expressed by:

Z F(P) =M X+ _M,, (i, - X - fy- ) +
n=O n=O

1/2 n7 Cd p L 2 Rn (un  f )2 (20)
n=O

n=n n.=n

Z F ~p)fn i + M n fr nu -6 n - n +
n=0 n=O

n'n

1/2 Cd L 2 R (U fj)2 (21)

n=O
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where Fn(p) = total horizontal force from the wave
pressure on a cylinder

M = mass of a cylinder moving horizontallyn.
Ln = length of a cylinder

Rn = radius of a cylinder

U = mean horizontal velocity of the water mass
displaced by a cylinder

= mean horizontal acceleration of the water mass
displaced by a cylinder

On the basis that the wave amplitudes are relatively small,
the horizontal velocity (u) and the horizontal acceleration (5) of
the water particles are, respectively:

u = A 4 cosh k(z +d)cos (kx -0t -i ) (Wilson18) (22)
sinh kd

= AW 2 cosh k(z + d.)sin (kx -ct -() (23)
sinh kd

Acgordingly, the mean velocity ( n ) and the mean acceleration
(Uin) are definedt

xRcosr z=D (24)

Un = 2/ u dx dz d
2 Rn (D n Dzn- ) COS

0 x=-Rcosy Z=Dn

Un =2/ 1 / ( -D 1 ) z , u dx dz (25)2 R n (D n- D n-.l  o si
0 x-Rcos 1  /=D

where angle in the horizontal plane

For one cylinder, the total wave pressure may be written:
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Fn(p) "2 (p - pa dz]
F D- sin

(p - pa dz RYsiny d? (26)
Dn  x=R sin

where the wave pressure (p) is given by:

P = Pa - rg z + pgy cosh (z+d) (27)
cosh kd

Evaluation of the integrals in Equation 26 by use of Equation 27
gives:

. = Z M' n  (28)

SF(p) f = Z M'f. U "M g m, (29)

where m metacenter height.

By use of Equation 28 in Equation 20 and Equation 29 in
Equation 21, and by linearizing the damping terms, the equations
of motions may be expressed:

M10~ X + ZN X + MIT fn +ZNnnn n + Nn fn

+ (Mn+Mn I+ Y' N U (30)
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(I+I") + Y~N f 2i + M 9 mp

+ M"n Fn i + I- N Fn = . (Mn-.) fnn+

N n+ fZn Un (31)

where mn = metacenter height

It will be noted that Equation 30, (pitch equation) represents
a dampened mass-spring system. The excitation of this system is
coupled with the movement in surge.

Appendix C

CALCULATION OF THE ADDED MASS AND THE DAMPING

FACTOR FROM THE FREE-HEAVE TESTS

Since no excitations are present, the equation of motion in
free heave may be written:

(M+M") Z + N i +pg F Z = 0 (32)0

Referring to the handbooks on vibration (Den Hartog 19 , Hansen and
Chenea zo , and Timoshenko 2l), the natural frequency in free heave (wi,
is e pressed by: i/7i (- 3

S(33)

Evaluation of Equation 32 by use of the measured natural
frequency (C)n= 2.86 rad/sec) and the numerical values of F0 and M
presented in Figure 4 givess

Mz = 0..5 M (34)

The ratio of subsequent amplitudes of the decaying motion of
the free-heave oscillation (Hansen and Chenea

20 ) is:
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[ A~~ -__

[Ahi 7Tet+ v (+ (35)
Lr Ah e

where [ A = free-heave amplitude at time t
hi t

[ Aht +,= free-heave amplitude at time t +

= time of one complete cycle of the oscillation

= logarithmic decrement

By use of the results of the free-heave test, a numerical
evaluation of Equation 35 gives for the model:

4 = 0.25

N = 0.46 lb/ft/sec

Appendix D

CALCULATION OF THE DAMPING IN FREE HEAVE

DUE TO WAVE GENERATION

The damping of the motion of the vehicle arises partly from
fluid frictional effects and partly from energy losses by generation
of waves which are propagating in concentric circles with the center
of the vehicle as their origin.

The energy radiated by a cylinder of radius (b), immersed with
its vertical axis to a depth (d), and making a forced vertical
harmonic motion with an amplitude (A) and frequency (c), is,
according to Havelock5 :

2 4 25 _2wdlg
7r P b A 5 e (36)
4g
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where E mean rate of transmission of energy.

Equation 36 can be written:

-22d/g

E=-F 2Af2we (7
4g (37)

where F = area at the bottom of the cylinder.

If all the horizontal areas at the transition of the vehicle
cylinders are considered as sources of radiation, the total mean
rate of radiation (Et) isi

Et = P C5 An= n=4 F 2 e.22n/9 (38)

Et 4 g A~f e (38)

where F = horizontal area (Figure 4)

d n = depth of considered area under the still-water level

Following the method of calculation of the N coefficient for
the natural damped oscillations as outlined by Havelock, Equation 38
becomes: n=4 "2u2 d /g (39)

NA2 2 5 A 2 F2e

or

2n---4 2 -202dn/g (40)
=P 3 T2 e

Nr 2 n Fn

where N = damping coefficient due to wave generation.

Evaluation of Equation 40 by use of the measured natural
frequency and the model dimensions (Figure 4) gives

N = 0.95 x 1O 4 lb/ft/second

r
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A comparison with the value of the total damping obtained in
Appendix C from experiments indicates that the damping due to
wave generation may be neglected.
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A wave amplitude

Ah  heave amplitude
hJ

Af amplitude

Ara sp  =response amlitude

[Ah ]  = free-heave amplitude at time t

b radius of a cylinder

Cd = drag coefficien

d = depth

d n depth of considered area under the still-water leveln

D = distance from the still-water surface to a hcrizontai
n plane of the vehicle (Figure 4)

E response energy

El = mean rate of transmission cf energy

Et  = total mean rate of radiation

f = distance between the mass center of a cylinder and the
mass Oenter of the vehicle

F : significant cross section of tne vehicle

F' maximum amplitude of the excitation of the analogous
system in heave

F e maximum amplitude of the excitationex

Fh  total excitation
ex

F horizo!,ta.J area
n

F n(p) = total horizontai force from the wave pressure on dcylinder

Fz(p) = tota1 vertical upward force from the wave pressures on
the 5oi izonta, plaina= of the vehicle

g acceleration due to gravity

H wave height

Hh  = double heave amplitude

h
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H = run-up

I = mass ine:tia moment of the vehicle around its mass
canter

I" = added mass inertid moment

k =21 T/ >

Ln  = length of a cylinder

mf = metacenter height

M = mass of the vehicle

Mn  = mass of a cylinder moving horizontally

mot = added mass of a cylinder moving horizontally
n

M;I = maximum amplitude of the excitation in pitch

M"I = added mass of the vehicle in heave
z
n = cylinder number

Nn = damping coefficient of a cylinder moving in the X direction

N = damping coefficient in heave

N = damping coefficient due to wave generationr
p= pressure

Pa = atmospheric pressure

Q= cosh kd ( -F1 cosh kD1 + F2 cosh kD2 - F3 cosh kD3

+ F4 cosh kD4 ) - sinh kd ( -F1 sinh kID1 + 2 sinh kD2

- 13 sinh kD3 + F4 sinh kD4 )
Rn = radius of a cylinder

Sr(O) = spectral density at frequency (, of the response

Sw) = spectral density at frequency W of the waves

t = time

T = wave period

[T(W)j2 = square of the ratio of response to wave amplitude at
frequency 0 of the waves

u= horizontal velocity of a water particle
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S = horizontal acceleration of a water particlP

U meo horizontal velocity of the water mass displaced by the
cyTInger

= mean horizontal acceleration of the water mass displaced by
the cylinder

w - vertical velocity of a water particle

w = vertical acceleration of a water particle

W = mean vertical velocity of the water mass displaced by the
vehicle

W = mean vertical acceleration of the water mass displaced by
the vehicle

X = horizontal displacement of the mass center

= horizontal velocity of the mass center

= horizontal acceleration of the mass center

z =Z-D

Z = vertical displacement of the mass center

= vertical velocity of the mass center

= vertical acceleration of the mass center

= phase angle between wave and excitation

- phase angle between wave and excitation in surge

phase angle between wave and excitation in pitch

- angle in the horizontal plane

6 logarithmic decrement

A = wave length

= phase angle

= density of water

= time of one complete cycle of the oscillation

= angular displacement of the long axis of the vehicle

angular velocity of the long axis of the vehicle

= angular acceleration of the long axis of the vehicle

= frequency of the wave = 27//T

= natural frequency
n = elevation
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